Modeling op spiral inductors. by Kharabi, Faramarz
Lehigh University
Lehigh Preserve
Theses and Dissertations
1-1-1984
Modeling op spiral inductors.
Faramarz Kharabi
Follow this and additional works at: http://preserve.lehigh.edu/etd
Part of the Electrical and Computer Engineering Commons
This Thesis is brought to you for free and open access by Lehigh Preserve. It has been accepted for inclusion in Theses and Dissertations by an
authorized administrator of Lehigh Preserve. For more information, please contact preserve@lehigh.edu.
Recommended Citation
Kharabi, Faramarz, "Modeling op spiral inductors." (1984). Theses and Dissertations. Paper 2233.
MODELING OP SPIRAL INDUCTORS 
by 
FARAMARZ KHARABI 
A Thesis 
Presented to the Graduate Coixiittee 
of Lehigh University 
in Candidacy for the Degree of 
Master of Science 
In 
Electrical Engineering 
Lehigh University 
1984 
ProQuest Number: EP76509 
All rights reserved 
INFORMATION TO ALL USERS 
The quality of this reproduction is dependent upon the quality of the copy submitted. 
In the unlikely event that the author did not send a complete manuscript 
and there are missing pages, these will be noted. Also, if material had to be removed, 
a note will indicate the deletion. 
uest 
ProQuest EP76509 
Published by ProQuest LLC (2015). Copyright of the Dissertation is held by the Author. 
All rights reserved. 
This work is protected against unauthorized copying under Title 17, United States Code 
Microform Edition © ProQuest LLC. 
ProQuest LLC. 
789 East Eisenhower Parkway 
P.O. Box 1346 
Ann Arbor, Ml 48106-1346 
This thesis is accepted and approved in partial 
fullfillment of the requirements for the degree of 
Master of Science. 
1
  (Date) 
Professor in Charge 
Chairman of Department 
XI 
Acknowledgements 
I would like to thank Professor D.R. Decker for 
his guidance and support throughout my graduate studies 
at Lehigh University. 
I would also like to thank Mr. Ahmad Haji Haidari 
for his help in getting my plots, and Ms. Marilyn S. 
Kaswin for typing part of this thesis. 
111 
TABLE OF CONTENTS 
page 
Acknowlegements. iii 
Abstract 1 
I - Introduction 2 
II - SPIRAL INDUCTORS IN FREE SPACE 6 
A - Background 6 
B - Basic mathematical concepts 7 
C - Computer program 10 
1 - Positive mutual inductance 
calculation 11 
2 - Negative mutual inductance 
calculation 13 
D - Results 14 
III - SPIRAL INDUCTORS ON A GROUND PLANE 23 
A - Theoritical Approach 23 
B - Derivation of the general chain 
matrix 25 
1 - Chain matrix of tv/o coupled 
transmission lines 25 
2 - Chain matrix of multi-coupled 
transmission lines 28 
3 - Coupled transmission lines 
and capacitances 35 
C - Application of coupled lines to 
our problem 37 
1 - Procedure 37 
2 - Special cases 38 
D - Computer program. 43 
1 - Calculation of input parameters 44 
E - Results 47 
IV 
TABLE OF CONTENTS  (COOT.) 
Page 
REFERENCES 54 
APPENDIX A - Program flov/charts 56 
VITA 60 
ABSTRACT 
Two models for spiral inductors are developed. 
In the first part, a free space model for inductors of 
both square and rectangular geometries is given. A 
computer program is written which utilizes an algorithm 
developed in the model. This algorithm uses some basic 
mathematical formulas for spiral inductors in free space 
and enables one to numerically calculate inductance 
data. Sample results are graphically presented. In the 
second part, a new model for square spiral inductors on 
top of a ground plane is developed. This model is 
derived using single and parallel coupled microstrip 
transmission lines. A computer algorithm for numerical 
calculations is given in the model. Using this 
algorithm, a program is developed which calculates the 
inductance of a given spiral inductor with desired 
number of turns from the physical dimensions. Sample 
results are included using this program and computer 
made plots of the results are also presented. 
Comparison of the results with available literature is 
also included. 
JL. INTRODUCTION 
Square spiral inductors are widely used in Hybrid 
Microelectronics, Microwave Integrated Circuits (MIC), 
and Monolithic Microwave Integrated Circuits (KMIC). 
These elements are modeled either as free space 
inductors or inductors above a ground plane and 
substrate. In this thesis, models are developed for 
each of the above cases . For free space , the model 
is essentially based on a paper by H.M.Greenhouse [1], 
but for the case with a ground plane a model is 
developed v/hich is based on a new approach to problems 
of this kind. A basic introduction to the above models 
will be given here . 
Due to the technological progress in the field of 
microelectronics in the last two decades, free space 
models of planar inductors in thin or thick film forms 
have been widely used in numerous circuit design 
applications. But in order to use these inductors in 
microelectronic circuit design, we have to reduce the 
size of them because the size of all other circuit 
components is reduced. This, in turn, v/ould require 
smaller inductors.  As inductors get smaller in size, 
the assumptions that have governed their design in the 
past become less valid and new limitations arise. 
Therefore, a study of these free space inductors is 
presented in the first part of this thesis. This study 
is based on a paper by H.M.Greenhouse [1]. What 
develops from this study is a computer algorithm v/hich 
enables us to obtain inductance data for specific 
physical dimensions and characteristics. 
The design of microstrip spiral inductors on top 
of a ground plane for MIC and MKIC applications has 
traditionally been based on two fundamental methods: 
The lumped-element approach and the distributed line 
approach. In the lumped-element approach, formulas for 
free space inductors are used, with corrections for the 
ground plane effects [2]. This can be imagined as a 
microstrip line with a very large substrate height, h, 
which effectively ignores the ground plane effects. We 
also know that the frequency independent formulas are 
only useful when the inductor total length is only a 
small fraction of a wavelength and when capacitive 
coupling between turns may be neglected. However, these 
models are not readily useful for design applications 
because their elements are difficult to evaluate in 
advance. 
In the conventional distributed approach, an 
inductor is realized and analyzed as a single microstrip 
transmission line. This approach may require a large 
area on the circuit and any attempt to save space should 
leave sufficient spacing between the turns to avoid 
inductive coupling between the parallel segments. Other 
distributed models have also been developed [3],[4] 
which make use of single and coupled microstrip 
transmission lines. Although more accurate than the 
conventional distributed design, these later models 
still do not provide us with sufficient data for more 
than two full turns. 
In the second part of this thesis, we have 
developed a distributed transmission line model for 
square microstrip spiral inductors whose inductance we 
numerically predict from the physical dimensions. This 
model is based on the single and coupled microstrip 
transmission networks and is valid for any number of 
turns. As we know, when the number of turns goes up, 
the difference in physical lengths between the parallel 
segments can no longer be ignored and one has to taper 
their length. We have paid special attention to this 
effect in our model. For the numerical calculations, a 
computer program is written (see chapter III-D) which 
effectively uses the theoretical model and calculates 
the inductance of a spiral inductor with specified 
physical dimensions at a given frequency. 
II. SPIRAL INDUCTORS IN FREE SPACE 
&, Background 
When designing spiral inductors, one can not 
ignore the effect of negative mutual coupling that 
exists between two parallel conductors having current 
vectors in opposite directions. As a quantity in 
electronic circuits, negative mutual inductances are 
usually ignored with very little or no effect. In 
the microelectronic world, however, its neglect can 
result in errors as high as 30 percent as indicated in 
m. 
The purpose of this study is to develop a model 
which makes use of the basic mathmetical equations for 
calculating inductances of both rectangular and square 
geometries taking into account the existing effects of 
negative and positive mutual inductances between the 
parallel segments. This program, which is written based 
on [1], takes as input the following variables: track 
width of the conductors W, spacing between segments S, 
thickness of the conductors t, and the number of 
complete turns N. In the following sections, the 
basic mathematical concept, and the computer algorithm 
are explained, respectively. In the final section, the 
results  are  given  for  inductors  with  some 
considerations  for  obtaining them  and  graphical 
representation of the results. 
B. Basic mathematical concepts 
Self-inductance of a straight line shape conductor 
can be found by [1] 
L = .002.2[ln(2£/aiD)-1.25+MD// +(;J/4)T] (1) 
where L is the self-inductance in microhenries, £ is the 
conductor length in cm, GMD and WD are the geometric 
and arithmetic mean distances, respectively of the 
conductor cross section (for a full definition of (2D 
and AMD see [1]), yu is the conductor permeability, and T 
is the frequency correction parameter. For thin film 
inductors with a rectangular cross section (1) takes the 
following form [1] 
L= .002i>[ln(2i/(a4to))+.25049+((a+b)/3i>)+(p/4)T] (2) 
Where a and b are the dimensions of the conductor cross- 
section. For a near D.C. case, magnetic permeability is 
one (i.e. yu=l), T is also considered to be one at 
microwave frequencies (frequencies above IGhz) for thin 
films because the skin depth has little effect on thin 
films. Therefore (2) reduces to 
L= .002^[ln(2^/(a+b))+.50049+((a+b)/3i)]     (3) 
In general, for a coil or a part of a coil of any 
shape, we can express the total equivalent inductance as 
the sum of all self and mutual inductances 
LT = LO-SM (4) 
Where LT is the total inductance, LO is the sum of all 
self inductances of all straight segments, and\M is the 
sum of all negative and positive mutual inductances of 
all parallel segments.  Since positive and negative 
mutual inductances have opposite contributions to the 
total value of the inductance (4) can be written as 
LT = LO + M^- M_ (5) 
Where M^. is the total value of the positive mutual 
inductances and M_is the total value of the negative 
mutual inductances. 
The  mutual inductance between  two  parallel 
conductors is a function of the length of the conductors 
and of the geometric mean distance, GD, between them 
[4]. In general, 
H = 2|Q (6) 
Where M is expressed in nanohenries, 4  is centimeters, 
and Q is the mutual inductance parameter calculated from 
the equation [1] 
Q = In[ tf/ou) +(1+(#GND*) )t/l  ] -[1+(GDV) ] '*+  (7) 
(GMD/f) 
In which i is the length corresponding to the subscript 
of Q and <3>D is approximately equal to the distance 
between track centers.  The exact value of QD may be 
obtained from 
ln(QID) =ln(d) - [ (1/12 (d/wf)+(1/60 (d/wf)+(l/168(d/w)) +... 
(8) 
Where d is the distance between the track centers and w 
is the track width. 
Consider the following special case of a 2- 
conductor geometry represented schematically below: 
I* i »l 
I * 1 
I       &?D | 
I   1 A 1 I 
 i  p  k Vn A  f 4 
Figure 1: Two filament geometry 
The filaments are of lengths j and m and are separated 
by the geometric mean distance.  In the general case 
shown, one can calculate M between the filaments from 
the following formula: 
Where individual M terms can be calculated (6) and 
noting that the lengths correspond to the subscripts; 
i.e., 
- M^ 2iw^p. Qmf=  2(m+p)Q (10) 
Two useful special cases of the above geometry yield two 
more relationships given below: 
Kj.*= Mw+p- MP       when p=q (11) 
2M j,w= (Mj+MmJ-M}        when p=0 (12) 
C. Computer Program 
In the program, all straight segments are numbered 
from 1 to z, z being the total number of segments, and 
the numbering proceeds from outside to inside as shown 
in figure 2 for a 2 3/4 square spiral inductor with z = 
11. 
Figure 2: Square spiral 2 3/4 - turn coil 
Since z need not be a multiple of 4, inductance 
can be calculated with a resolution of a quarter turn. 
The input variables to the program are: the number of 
segments z, the lengths of the first and second segments 
•c and.* , respectively, the width of the conductor w, 
the thickness of the conductor t, and the edge to edge 
10 
distance gap between parallel conductors s. 
When provided with the values of 1 and 2,   the 
program calculates the lengths of all other segments 
according to the following formulas: 
0(2y) =  -(y-1)(w+s) for even-numbered segments (13) 
C(2y-1) =  -(y-2)(w+s) for odd-numbered segments (14) 
with y^ 2 
Note that all segments are assumed to be shortened by 
half track width at each end. Self-inductance of each 
segment is calculated using (3) when a and b are 
replaced by w and t which changes (3) to the following: 
L(y) = 2^y[ln(2iy/(w+t))+.50049+((w+t)/3^y)] (15) 
Where L(y) is expressed in nanohenries. Thus, (15) is 
used to find the self-inductance of each individual 
segment and this process continues until all L(y)s are 
calculated. Then, the total self-inductance of all 
straight segments of a given coil is found adding all 
the individual self-inductances: , 
■I- LO =) L(y) (16) 
it Positive mutual inductance calculation 
For an inductor with N full turns and z total 
segments, the total number of segments contributing to 
M (Positive Mutual Inductance) is [1] 
4[N(N-1)]+2N(2-4N) 
11 
These terms have the general form Hy,^^^, therefore 
the total positive mutual inductance may be represented 
by [1]: 
Where y has values from 1 through z-4, n has values from 
1 through the number of complete turns N, and (y+4n) has 
a maximum value of z. Equation (11), which has been 
used to calculate the individual terms of (17), is an 
exact equation for all coupled conductors except those 
involving the first segment. A closer look at figure 1 
shows that the pairs involving the first segment are not 
exactly the case indicated by (11), But these pairs are 
almost symmetrical and introduce only a very small 
error. Besides, this error also exists in the 
calculation of the negative mutual inductance, therefore 
it tends to cancel out of the total inductance 
calculations. Equation (11) can be written for the 
above equation as: 
Combining (6) and (18) we get [1]: 
H3»(3-tfn)= 2^*B>f.ty-(2+4n;]/2 •Qij*rni)-t.(j|-(j.*.«noJ/r~ 
2
*tj-Cj-»-fT))]/a   •QLj-f)-t*n)l/i (19) 
Where Rvalues are calculated using (13) and (14) and   Q 
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is calculated from (7) and (8) and d is updated for 
various coupled segments according to: 
d = n(s-Kf) (20) 
2. Negative mutual inductance calculation 
As it is well known, negative mutual inductance 
results from fluxes common to segments on opposite sides 
of a spiral inductor. Similarly to the last section, 
negative mutual inductance can also be calculated using 
a coil of N full turns and z total segments. The number 
of terms contributing to M_ (negative mutual inductance) 
is greater than the number contributing to H and can be 
found by [1]: 
4N+2N(z-4N)+(z-4N-2)(Z-4N-1)[(z-4N)/3] 
M_ terms have the general form M        and are 
defined as [1]: 
M_= \ Mj,c<j+4*i-i) =2fMj^«j+a.) /M^»(^6> f ••]      (21) 
Using equation (11), we can write [1]: 
' Q-OftfTi-ajjJ/i 
Then, combining (6) and (22), we obtain [1]: 
2h)-^++*-*i)/i •Ql]-ty+H7,-2$/z   (23) 
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As in the case of positive mutual inductance terms ,£ 
values are calculated using (13) and (14) , Q is 
calculated from (7) and (8), and d is updated for 
different conductor pairs according to : 
d = *(y+1)-[nw+(n-l)s]        (24) 
Where y is the segment number and n is the number of 
turns. 
Putting all of the above together, a computer 
program was written in Basic for an IBM PC which 
calculates the total inductance of a given geometry with 
specified physical dimensions. A flow chart of this 
program is given in appendix A and sample results using 
this program are presented in the next section. 
D - Results 
Using the described program, we first considered 
an inductor with the following specifications which is 
similar to one of the cases calculated in [1]: 
w = s = .005 inch = .0127 cm 
t = .0003 inch = .000762 cm 
f(l) =£(2)  =.05,.1,.2,.4,.6,.7,.85 inches 
N = 1-4 turns 
putting these values in the program, we obtain the 
results in tables 1 and 2. Plots of these results are 
shown in figure 3. 
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Table 1 
id) (an) .127 .254 .508 1.016 
L(nH), KKL 2.68 7.22 17.85 42.04 
L(nH), N=2 4.47 15.25 41.94 104.56 
L(nH), N=3 X 21.65 67.79 179.7 
L(nH), W=4 X 25.47 92.84 262.69 
X = Too many turns for the given ^(1) 
Table 2 
J>{1)   (cm) 1.524 1.778 2.159 
L(nH), N=l 68.39 82.12 103.26 
L(nE)r N=2 173.86 210.19 266.35 
L(nH), N=3 305.38 371.65 474.38 
L(nH)f N=4 456.22 558.83 718.36 
15 
The above inductance values obtained for various lengths 
of the first segment are very close to the values 
obtained in [1]. However, when the number of turns 
increases we start getting large deviations from the 
values given by [1]. One important reason for this is 
that in the algorithm suggested by [1], the author fails 
to include a technique for calculating and updating the 
values of df the distance between track centers of the 
parallel conductors, in order to renew the values of (3D 
for various parallel conductors. Obviously, GMD values 
change depending on how far apart the parallel 
conductors are from one another regardless of whether 
they are negatively or positively coupled. This effect 
is taken into account in the algorithm used to obtain 
the present results. Note that the inductors 
considered above are large and are mainly used in 
macroscopic electronic applications. 
Next, we considered two inductors, both for MMIC 
applications. Although the results are obtained in a 
free space situation (£t = 1 ), it is useful to obtain 
these results for comparative purposes. In the first 
case, an inductor of the following specifications is 
considered, 
1{1)  = $2) = 300 pm = .03 cm 
s = 10, 15 }m -  .001,.0015 cm 
16 
w = 10, 15f 20 jjm =.001,  .0015,  .002 cm 
N = 1-5 turns 
t = 0 , thickness of the metalic conductor is ignored. 
The inductance values calculated for the above physical 
dimensions are given in tables 3 and 4 below: 
Table 3 
s (cm) 
w (cm) 
.001 
.001 
.001 
.0015 
.001 
.002 
L(nH), N=l .986 .871 .786 
L(nH), N=2 2.23 1.91 1.67 
L(nH), N=3 3.45 2.84 2.37 
L(nH), N=4 4.51 3.53 2.77 
L(nH), K=5 5.31 3.91 2.89 
Table 4 
s (cm) 
w (cm) 
.0015 
.001 
.0015 
.0015 
.0015 
.002 
L(nE), N=l .981 .866 .781 
L(nH), N-2 2.13 1.82 1.59 
L(nH), N=3 3.15 2.59 2.15 
L(nH), tt=4 3.91 3.04 2.38 
L(nH), N=5 4.35 3.19 X 
X = Too many turns for the given 1 (1) 
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Plots of the results in tables 3 and 4 are given in 
figure 4. 
In the second case, the following parameter values 
were taken for the inductor : 
$1) =/(2) = 350 /mi = .035 cm 
s = 10, 15 urn = .001, .0015 cm 
w = 10, 15, 20 ym = .001, .0015, .002 cm 
N = 1-5 turns 
t = 0 
As a result, the following inductor values are obtained: 
Table 5 
s  (cm) 
w (cm) 
.001 
.001 
.001 
.0015 
.001 
.002 
L(nH), tt=l 1.2 1.07 .972 
L(nH), N=2 2.77 2.41 2.13 
L(nH), K=3 4.4 3.7 3.15 
L(nH), N=4 5.9 4.77 3.88 
•L(nH), N=5 7.17 5.52 4.25 
18 
Table 6 
s (en) 
W (cm) 
.0015 
.001 
.0015 
.0015 
.0015 
.002 
L(nH), N=l 1.19 1.065 .967 
L(nH), N=2 2.66 2.31 2.04 
L(nH), N=3 4.06 3.41 2.9 
L(nH)f N=4 5.22 4.2 3.41 
L(nH), N=5 6.05 4.63 3.56 
Plots of the above tabulated results are given in 
figure 5. 
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III. SPIRAL INDUCTORS ABOVE A GROUND PLANE 
A. Theoretical Approach 
As mentioned earlier in chapter I, we have 
modeled spiral inductors above a ground plane using 
single and coupled transmission lines. This approach 
has been used by others [3], [4] to model inductors up 
to two full turns considering the entire inductor 
structure as two parallel coupled microstrip lines of 
equal width and length with the proper boundry 
conditions. However, in this work, we have analyzed 
an inductor of n turns as four separate, but cascaded 
sections with the proper boundary conditions and node 
connections, as shown in figure 6. 
As can be seen from the figure, each section is 
comprised of n parallel coupled lines of unequal 
lengths. Incidentally, the number of coupled lines 
depends on the number of turns in the inductor. 
Assuming negligible capacitive coupling beyond adjacent 
lines, we have to find a v/ay of analyzing muti-coupled 
transmission lines. Consequently, we have to solve the 
multi-coupled transmission line problem in order to be 
able to develop our model. 
23 
Sectlottl    i    SecTfoM E    .    Secti'oN W 
■I 
Sect*/<?w I? 
h 
>"»-H 
?iH-a 
r 
3   4 [ 
r  
1 
U-2o—f 
>7)+3 
0.71-J- 
7,-. i-^-j. ,l«-l 
on 4—C- O- O- ■ an 
Figure     6:    A   cascaded   model   for a   n   turn   spiral 
inductor 
Boundary Conditions 
I„+i = -IM i = 1 to n 
n = Number of complete turns 
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A possible approach to the problem of coupled 
transmission lines has been introduced by Jones and 
Bolljahn [5]. This approach has been completed by 
Zysman and Johnson [6] for transmission lines in 
inhomogenous dielectric medium such as microstrip. The 
approach utilizes two orthogonal transmission line 
impedances (or admittances), the odd and even mode 
impedances (or admittances) , to describe the coupling 
phenomena between the lines and yields the impedance, 
admittance, or chain matrix representation for the 
network . The paper by Zysman and Johnson [6] provides 
a summary solution and the chain, admittance, and 
impedance matrices of two coupled transmission lines in 
a non-uniform dielectric medium. However, it is 
necessary to extend the results of the above paper to 
multi-coupled transmission lines , and then apply this 
to our problem. 
B. Derivation of the general chain matrix 
1. Chain matrix of two coupled transmission lines 
As is well known, a pure TEN mode wave propagation 
can not be supported by a non-uniform dielectric medium 
such as microstrip. It is also known that the TEM 
approximation yields excellent results to several 
gigahertz and, therefore, will be used throughout this 
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study. This generalization requires only that we 
consider the phase velocities of the odd and even modes 
to be different, which they are by about 5 percent. 
Before considering the muti-coupled lines problem, let 
us look at the solution suggested by [6] for the case of 
two coupled lines. 
A system of two parallel coupled lines is 
schematically shown in figure 7. In order to obtain the 
terminal characteristic of such a network, we have to 
relate the voltages and currents at an arbitrary point 
along the line x = I to the voltages and currents at 
CorcJuttor  1 
Figure  7: Schematic of a pair of coupled lines [6] 
In order to derive the chain matrix of the four 
port network shown, symmetric (even) and antisymmetric 
(odd) excitations of the ports should be considered [5]. 
This can be done by setting up current sources (current 
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sources are used to find the admittance matrix and 
voltage source are used to derive the impedance matrix) 
to generate odd and even modes at different ports (see 
[5] for adetailed discussion of this method) and solving 
for the terminal currents and voltages. As a result of 
this approach, we get the following equations [6]: 
for the even mode (symmetric case), 
1/2 (VI + V2) 
1/2 (II + 12) 
COSBe jZoeSIN6e" 
jYoeSIN0e COS0e 
1/2 (V3 + V4)~ 
-1/2 (13 + 14) 
(25) 
and for the odd mode (antisymmetric case), 
cos6o jZooSineo 
jYooSIKflo COSeo 
1/2 (V3 - V4) 
-1/2 (13 - 14) 
(26) 
1/2 (VI - V2) 
1/2 (II - 12) 
where 
Zoe = 1/Yce is the even mode characteristic impedance 
lea - 1/Yoa    is the odd mode characteristic impedance 
Qe =psJ/is  the even mode electrical length of the line 
Qo =/£? is the odd mode electrical length of the line 
using (25) and (26), we can derive four simultaneous 
equations in terms of the port parameters from which the 
four port chain matrix is found: 
VI 
V2 
II! 
12 
'= 1/2 
E + FE-F G + HG-H 
E-FE + F G-KG+H 
I + KI-K E + FE-F 
I-KI + K E-FE+F 
V3 
V4 
-13 
-14 
(27a) 
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where 
E = cosee (27b) 
F = COSflo (27c) 
G = jZoe SINfie (27d) 
H = jZ0c SINSo (27e) 
I = jY0£ SIN0e (27f) 
K = jY^SIHBO (27g) 
The impedance and admittance parameters are derived in 
the same fashion and are not further mentioned here. 
2*. Chain matrix o£ muticoupled transmission lines 
Parameters of multicoupled transmission lines 
are derived in the same way the four port matrix for the 
two coupled lines is derived, as described above and in 
[5], [6], with the exception that more odd mode current 
(or voltage) sources are used to drive the center line 
as shown in figure 8 for a three coupled line 
configuration (a six port network) where four odd mode 
current sources drive the center line. 
<x 
^9 
510 h 
Figure 8: Three coupled transmission lines configuration 
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To illustrate the derivation of the port 
parameters of multi-coupled transmission lines, let us 
consider the case of the derivation of-the Z matrix of a 
six port network using the notation of figure 8. 
As seen in figure 8, the three transmission lines 
are driven by five current sources at each end. The 
voltages along these transmission lines, denoted by "a", 
nb", and "c", can be found by superposition of all 
voltages resulting from the individual current sources. 
The three identical current sources il excite the 
even or unbalanced mode on the transmission lines 
producing voltages on the conductors in accordance with 
equation (1) in [5] which is repeated here 
V«, (z)   = Vb( (z)   = Vc, (z)  = -iZn^.il CQSfc(l-z)       (28) 
Slltfel 
similarly by equation (2) in [5] we have 
Vo* (z)  = Vu(z)  = Vc6 (z)  = -iZ—li: Cos/fez (29) 
where Zoc and/ye have already been defined. 
The current sources i2, i3f i4, i5 between the 
three transmission lines excite the odd or balanced mode 
on the lines of the form [5] 
Vco>(z)  = -jZ0o.i2 COS/#o(-0-z)/SIN/&J) 
VC3 (z)      = -(-jZw.i3 COS/Jo(^-z)/SIN/?ol?) 
vbi 3 (z)  = -(V^ - V„ ) 
= jZ00 (i2 - i3) COS&^-zJ/SIN^i1       (30) 
Vc(5(z)      = -jz30 ,i5 COS/?oz/Sm/?oJ} 
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VCi+(z)  = -(-jZ00.i4 COS/?oz/SI^b/) 
VbMiS (z) = ~(Va5 - Vc<+) 
= jZ00 (i5 - i4) COS/Sbz/SIN/ibi 
where Z0o and/5o have already been defined. 
The terminal currents can now be readily found 
from the mode currents at the terminals (ie; il, i2,...) 
and linked to the terminal voltages. Assuming in each 
case that the positive currents are directed into the 
terminal we have (see figure 8) , 
11 = il + i2 
12 = il + i3 - i2 
13 = il - i3 
(31) 
14 = i6 + i5 
15 = i4 + i6 - i5 
16 = i6 - i4 
These equations can be solved for the mode currents 
which result in 
il = 1/3 ( II + 12 + 13 ) 
i2 = 1/3 ( 211 - 12 - 13 ) 
(32) 
i3 = 1/3 ( II + 12 - 213 ) 
i6 = 1/3 ( 16 + 15 + 14 ) 
i5 = 1/3 ( 214 - 15 - 16 ) 
i4 = 1/3 ( 14 + 15 - 216 ) 
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The terminal voltages are simply the sum of mode 
voltages at each terminal 
VI = ( Va,  + V*z + Vw5+ Vu6 )| 
Iz = 0 
V2 = ( Vb( + Vba,3 + Vbifj5 + Vb6 ) I 
Iz = 0 
V3 = ( VCI   + Vc3 + VCH + VC6   )| 
Iz = 0 
V4 = ( V«,  + V*a + V„5 + Vui ) 
vs - ( vb, + vb^3 + vb^5 + vj )j ^ ^ 
V6 = ( Va   + VC3 + Vc^ + VC6)| 
I z = i! 
With the aid of equations (28), (29), (30), and (32), 
the terminal voltage VI can be written in terms of the 
terminal currents II, 12, 13, 14, 15, and 16 as: 
VI = l/3[-jZof_CQS//ki_(Il+I2+I3)  - jZoaCOS&£ (211-12-13) 
SIN/?e^> SIN£oJ> 
-jZ 1      (214-15-16)  - jZ        1 (16+15+14) 
smpoj} smf/ej) 
For simplicity, we use the following abbreviations: 
A = -jZoe COS/fe^/SINy?ei = -jZoeCOt/ejP 
B = -jZ00 COSfiof/SIKJlod = -jZ00COt/?oJP 
C » -jZoe/SIty?e.p = -jSoeCSC//e/' 
D = -jZoe/SINj?o# = -jZcoCSQ5bi' 
Using above notations, the equation for terminal voltage 
VI becomes, 
VI = A+2B.I1+ A-B.I2+ A-B.I3+ C-D.I6+ C-D.I5+ C+2D.I4 
3      3     3     3     3     3 
Solving for V2, V3, V4, V5, and V6 in the same manner 
yields the desired impedance matrix of the six port 
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net* lorK: 
VI A+2B A-B A-B C-D C-D C+2D 11 
V2 A-B A+2B A-B C-D C+2D C-D 12 
V3 
- 1/3 
A-B A-B A+2B C+2D C-D C-D 13 
V6 C-D C-D C+2D A+2B A-B A-B 16 
V5 C-D C+2D C-D A-B A+2B A-B 15 
V4 C+2D C-D C-D A-B A-B A+2B 14 
(33) 
Six port impedance matrix of three coupled 
transmission lines 
The chain matrix of the above network can be found 
from rearrangment of the derived Z matrix. The formula 
for such a conversion is available and given as 
C = 
-1 -1 
Zll Z21 Zll Z21 Z22 - Z12 
-1 -1 
Z21 Z21 Z22 
(34) 
where Zll, Z12, Z21, and Z22 are block matrices of 
nxn dimensions (in the six port case 3x3) and C is a 
chain matrix of 2nx2n dimension. Therefore, using the 
above conversion formula and realizing the block 
matrices for the six port case as 
A+2B   A-B   A-B 
Zll = Z22 =  A-B   A+2B  A-B 
A-B    A-B   A+2B 
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and 
C-D C-D   C+2D 
Z12 = Z21 = C-D 
C+2D 
C+2D  C-D 
C-D   C-D 
We can find the chain matrix (C) of the six port t 
- 
VI E+2P E-F E-F  G+2H  G-H G-H *V4 
V2 E-F E+2F E-F  G-H   G+2H G-H V5 
V3 
11 
= 1/3 
E-F 
I+2K 
E-F 
I-K 
E+2F G-H   G-H 
I-K  E+2F  E-F 
G+2F 
E-F 
V6 
-14 
12 I-K I+2K I-K  E-F   E+2F E-F -15 
13 I-K I-K I+2K E-F   E :-F E+2F -16 
(35) 
Six  port chain matrix of three 
coupled transmission lines 
Where the following abbreviations are used: 
E = COS//ei 
F = COS/jo/ 
G = jZoe Sin/?e5 
II = jZ00SIN/foj? 
I = jYpe SIN^eP 
K = JY00 smjhQ 
Now, the general chain matrix for any number of 
coupled lines can be written following the above 
derivation and by inspection for a particular terminal 
numbering convention chosen, such as the one in figure 
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8, and more generally shown in figure 9 below: 
4T\ 
OK 
OK 
<m 
2-h 
>•♦. 1 Q 
2n-l 
'an-iiQ 
jn-i 
'in 
•*>i 
•l* 
71+-4 
W.i P     I 
71+3 o— 
ITI+JI C 
n+a 
'rn-alQ     i 
Y|. 
Figure   9: Notation used in writing the chain matrix 
of an n coupled transmission line network 
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And, therefore a general chain matrix representation for 
a 2n port network can be obtained as the following: 
VI 
V2 
V3 
• 
• 
• 
• 
Vn 
1 
= 
n 
11 
12 
13 
• 
• 
• 
• 
In 
E+(n-l)F  E-F ....  G+(n-l)H  G-H .... 
E-F   E+(n-l)F ...  G-H G+(n-l)H .... 
E-F  E-F E+(n-l)F.. G-H G-H G+(n-l)H.. 
V2n 
-In+1 
-In+2 
-In+3 
E-F  E-F E+(n-l)F.. G-H G-H G+(n-l)H. 
I+(n+l)K I-K .... E+(n-l)F E-F .... 
I-K I+(n-l)K ... E-F E+(n-l)F .... 
I-K I-K I+(n-l)K.. E-F  E-F E+(n-l)F. 
• * • • • * 
• • • • ■ • • 
• • • • • • 
• • • • • • 
I-K I-K I+(n-l)K.. E-F  E-F E+(n-l)F.. hl2n 
(36) 
2n port chain matrix of n coupled transmission 
lines 
Vn+1 
Vn-i-2 
Vn+3 
1,. Coupled transmission lines and capacitances 
It is known that the Z or Y matrix of any 
coupled line network in the TEN quasi-static 
approximation  can  be represented by  the  static 
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capacitance matrix [7] and, more specifically, odd and 
even mode impedances (or admittances) of such lines can 
be expressed in terms of odd and even mode capacitances 
of those lines. Therefore, when analyzing coupled 
lines, we need to consider these parameters. For two 
simple coupled lines (figure 7) the odd and even mode 
impedances of both lines are the same and can be 
numerically calculated for a given geometry. However, 
for networks with more than two coupled lines, the 
outside conductors have different odd and even mode 
capacitances (i.e., odd and even mode impedances) than 
the ones in the middle. It is for this reason that 
underlines are put on the impedance terms of the V2 and 
V5 (the middle conductor terminals) rows in (33). 
Therefore, for an exact matrix element 
calculation, we have to find all the necessary 
capacitance elements in the static capacitance matrix 
for a specified number of lines. However, we also know 
that only two lines in any coupled line array of greater 
than two lines can have different even and odd mode 
capacitances (impedances) and the error in assuming that 
the impedances are equal for all the lines decreases as 
the number of coupled lines increases. Thus, (33) and 
(35) may be used as good approximations considering only 
two impedances, odd and even modes, for all the coupled 
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transmissions line. This, again means that we are 
taking only two elements of the static capacitance 
matrix and thereby assuming that the odd and even mode 
characteristic impedances are the same for all the 
coupled lines. 
C.Application of coupled lines to the Inductance problem 
It Procedure 
As is shown by figure 6, we can approximate a 
square spiral inductor by dividing it into four separate 
but cascaded sections connecting the proper nodes 
together, and applying the proper boundary conditions. 
To find the total inductance of such an element, we need 
to find the admittance matrix representation of the 
device. This is possible if we first find the chain 
matrices for all sections and cascade them together to 
find the overall chain matrix. Next, we must convert 
this chain matrix to the equivalent admittance matrix 
and then apply the proper boundary conditions. The 
final step will be to find a two port admittance matrix 
representation of the modeled inductor. 
Having analyzed the problem of multi-coupled 
transmission lines of equal width and length, we now 
turn our attention to the problem of the length 
difference among these parallel coupled lines.  As 
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mentioned earlier in section A of this chapter and shown 
by figure 6, the lengths of the coupled lines are not 
equal and this inequality increases as the number of 
turns in the inductor (or the number of coupled lines) 
increases. In the next section the problem of length 
difference is treated by considering some special 
examples encountered. 
2. special cases 
Consider the following case of two coupled 
transmission lines of unequal lengths as shown in figure 
10 below: 
Figure 10: Two coupled line of unequal lengths 
Figures 10-a and 10-b are the same except that in 10-b 
we have shown a section of the longer line, which is 
equal in length to the total length of the shorter line, 
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coupled with the shorter line and the remaining length 
of the longer line in cascade with them. Obviously, v/e 
have a four port network with two coupled lines in 
cascade with another four port network with only one 
transmission line. Therefore, to find the total chain 
matrix representation, we have to find the individual 
chain matrices and then multiply them together. The 
chain matrix of a four port is already known (27a), and 
the chain matrix of the four port with only one line can 
be found as, 
V3 
-13 
all  al2 
a21  a22 
Vb 
-lb 
V4 
-14 
0 
1 
V4 
-14 
Putting the tv/o matrices together we get, 
V3 
V4 
13 
14 
= 1/2 
all 0 al2 
0 1 0 
a21 0 a22 
0 0 0 
■ 
0 Vb 
0 V4 
0 -lb 
1 -14 
(37) 
Where the following abbreviation are used: 
all = a22 = COSjM 
al2 = jZCOS/^ 
a21 = jYSIN^i 
Now, we can write the total chain matrix for the case 
shown in figure 10 by multiplying (27a) and (37). 
39 
Next, consider the case of three coupled 
transmission lines of unequal lengths as shown in figure 
11 below, 
S«ctioN I ISec.tioM3rJSec.1W> III 
a 
Figure 11: Three coupled lines of unequal lengths 
Using the same procedure explained in the case of two 
coupled lines, one can see that figures 11-a, 11-b are 
equal except that in the later the figure is divided 
into three cascaded sections. In section I, we have a 
six port with three coupled lines. In section II, v/e 
have a six port with two coupled lines, and in section 
III, v/e have a six port with only a single transmission 
line. Again, we have to find the chain matrices of each 
of these sections and multiply them together in order to 
find a total chain matrix representation for the given 
case. However, the chain matrix of the first section is 
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already available (35), but for sections II with two 
coupled lines we can find the chain matrix, 
A 
We have, 
Vc = Vcl 
Ic = -Icl 
At 
B Bl 
Vc Vci 
Figure 12 
VC~ 
IC 
= 
"1  o" 
0   1 
" Vcl" 
-Icl 
And the resultant chain matrix for this section is: 
r i 
Va 
Vb 
Vc 
la 
lb 
lie 
= V3 
E+F E-F 0 G+H G-H 0 
E-F E+F 0 G-H G+H 0 
0 0 1 0 0 0 
I+k I-K 0 E+F E-F 0 
I-K I+K 0 E-F E+F 0 
0 0 0 0 0 1 
Val 
Vbl 
Vcl 
-Ial 
-Ibl 
-Icl 
(38) 
where all the matrix elements have been previously 
defined. 
For section three with only one transmission line we 
have, 
Vb = Vbl 
lb = -Ibl 
Vc = Vcl 
Ic = -Icl 
i\    1— 1     A 
T       ^ le_.o— Vat , -e IB ■
r     Vc Vc» r 
-o    lei 
Figure     13 
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Vb 
Vc 
lb 
Ic 
= 1/2 
1 0 
0 1 
0 0 
0 0 
" 
0 0 Vbl 
0 0 Vcl 
1 0 -Ibl 
0 1 -Icl 
Therefore, the resultant chain matrix for the third 
section can be written as, 
Va all 0 0 al2 0 0 Val 
Vb 0 1 0 0 0 0 Vbl 
Vc 
la 
= 1/3 
0 
a21 
0 
0 
1 
0 
0 
a22 
0 
0 
0 
0 
Vcl 
-Ial 
lb 0 0 0 0 1 0 -Ibl 
Ic 0 0 0 0 0 1 -Icl 
(39) 
Where all the matrix elements have already been defined. 
Now, the total chain matrix of figure 11 can be found by 
multiplying (35), (38), and (39). 
The above special cases are only two of a large 
number of cases that could exist, but the technique used 
in analyzing them is applicable to all possible cases 
including the inductors with quarter turn resolution 
where, again, we have the problem of representatios of 
the matrices. Having solved the problem of length 
difference, we now know how to modify the general 
matrices to account for the tapered lengths in an array 
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of coupled lines. 
p. Computer program 
Obviously, the above procedure for dealing with 
the problem of length difference is especially tedious 
when inductors of many turns are involved. For this 
reason, a computer program has been written which 
utilizes the coupled transmission lines theory and 
special matrices derived above and determines the 
inductance of a square spiral inductor. The input 
variables to the program are explained in a separate 
section following this section. 
The program is comprised of four sections, each of 
which deals with one segment of the total inductor. 
After input variables are specified the program begins 
by searching and realizing the shortest line of the 
first segment. Then the chain matrices are formed using 
subroutines based on the analysis given for the 
formation of matrices for coupled and single 
transmission lines. This search and chain matrix 
formation process continues and the resulting chain 
matrices are cascaded together until all the coupled and 
single transmission lines in the first segment are 
accounted for and a final chain matrix representation is 
found for the first segment. 
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The above process is repeated for the second, 
third, and the forth segments and the corresponding 
chain matrices for these segments are found. In the 
next step, the program cascades (multiplies) these final 
chain matrix representations of the first through forth 
segments and yields the final chain matrix 
representation for the device. At this point, a 
subroutine is used to convert the resultant chain matrix 
into the equivalent admittance matrix. Then, boundary 
conditions are applied using a subroutine specifically 
developed for this purpose. Finally, a two port 
admittance matrix representation for the device is found 
from which the input inductive element of the admittance 
matrix is realized and extracted. 
A brief flow chart of this program is given in 
appendix A and sample results obtained using this 
program are presented in part E of this chapter. 
JL. Calculation e£ input parameters 
The input parameters to the program outlined above 
are essential variables which describe the physical 
dimensions, frequency, and number of turns for a 
specific geometry wlwse inductance v/e are interested in 
calculating. These variables are as follows: 
Z0o = the odd mode characteristic impedance of the 
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coupled lines 
Zoe =  the even mode characteristic impedance of the 
coupled lines 
V0o  = the odd mode effective velocity of the coupled 
lines 
Voe   =   the even mode effective velocity of the   coupled 
lines 
Z = Single line characteristic impedance 
V = Single effective velocity 
f = Frequency of operation 
zl = Number of segments in the inductor 
N = Number of complete turns in the inductor 
L(l) = Length of the first segment or the diameter of 
the inductor 
W = Width of the microstrip lines (segments) 
S = Spacing between the parallel segments 
Of all the above variables, f, zlf N, L(l), w, and 
S are chosen depending on the case under consideration 
(see the result section), but the first six variables 
have to be precalculated depending on the case under 
consideration. Formulas are available for calculation 
of Z and V [8] requiring us only to know the width to 
height ratio, W/H, and the relative dielectric constant, 
£r, of the substrate. However, to obtain the values for 
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the parameters of the coupled microstrip lines, namely 
Z00, Zot, V0o , and V0€ we have to do some more 
calculations. Although programs are available for such 
calculations [9], [10], they only provide the values of 
Zoe and Zoe leaving us with no information about Voe and 
Voe. Therefore, we need a complete solution of the 
coupled lines problem including loaded (with dielectric 
other than air) and unloaded (air dielectric) 
capacitances in order to find Voo and Voe in addition to 
odd and even mode characteristic impedances. 
In order to avoid a computer solution of the 
static fields for calculating loaded and unloaded 
capacitances, we have used semiempirical formulas 
suggested by [11] to calculate these parameters. In the 
paper mentioned the coupled line capacitances (odd and 
even modes) are obtained using the various parallel 
plate and fringing capacitances which exist in different 
modes. Characteristic impedances are also found from 
these capacitances and are within 3 percent in accuracy. 
Due to the complexity of the equations given in 
[11], a computer program is written in basic language on 
an IBM PC v/hich takes in the width to height ratio, 
spacing to height ratio and the relative dielectric 
constant of the substrate and yields the values of Z00, 
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zoe' voo» Voe, Z, and V for the coupled and single 
microstrip lines on the substrate. Note that the 
analytic expressions used in [11] to find the mentioned 
are valid for microstrip lines with zero strip 
thickness. In practice, we know that the metal strips 
have finite thickness and dispersion effects are also 
present. These effects are ignored in the above 
calculations. A flowchart of this program is also given 
in appendix A. 
E. Results 
Two spiral inductors with different lengths of the 
first segment (or diameter) on a 100 urn thick GaAs 
substrate were considered. First, a 300 urn diameter 
spiral inductor with the following physical dimensions 
was taken: 
L(l) = L(2)  = 300 jum 
s = 10, 15 urn 
w = 10, 15, 20 jam 
f = 1 Ghz 
N = 1-5 turns 
H = 100 jum 
t = 0 , thickness of the metalic conductor is ignored 
Using w, s, and H values and taking £r=12.9 for GaAs', 
we first use the program which is written to calculate 
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the parameters of parallel coupled lines and obtain the 
values for Zoof voo , Zoe, Voe , Z , and V . THese values 
are found and given in tables 7 and 8 below: 
Table 7 
s (on) 
w (cm) 
.001 
.001 
.001 
.0015 
.001 
.002 
Z0e (SI) 43.37 40.21 37.94 
VOD(xlE8 m/s) 1.115 1.128 1.136 
Zoe (ft) 144.91 129.47 118.41 
Voe (xlE8 nv/s) 1.077 1.063 1.051 
Z(il) 95.74 86.15 79.36 
V(xlE8 m/s) 1.092 1.08 1.075 
Table 8 
s (on) 
w (cm) 
.0015 
.001 
.0015 
.0015 
.0015 
.002 
Zoo (Si) 48.52 44.82 42.14 
V00 (xlE8 m/s) 1.12 1.132 1.14 
zoe U) 141.52 126.7 116.08 
Voe (xlE8 m/s) 1.078 1.064 1.053 
Z(5Z) 95.74 86.15 79.36 
V(xlE8 m/s) 1.092 1.083 1.075 
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Then, using above values along with the values for other 
parameters mentioned earlier, we used the ground plane 
model program which is written in Fortran 77 on the 
Cyber 720 system and obtained the results tabulated 
below: 
Table 9 
S (cm) 
W (cm) 
.001 
.001 
.001 
.0015 
.001 
.002 
L(nH), N=l 1.02 .912 .835 
L(nH), N=2 2.53 2.19 1.95 
L(nH), K=3 4.15 3.49 2.98 
L(nH), I>=4 4.82 3.85 3.09 
L(nH), K=5 5.45 4.19 3.18 
Table 10 
S (cm) 
W (cm) 
.0015 
.001 
.0015 
.0015 
.0015 
.002 
L(nH), N=l 1.01 .908 .832 
L(nH), N=2 2.39 2.05 1.79 
L(nH), N=3 3.77 3.16 2.68 
L(nH), N=4 4.22 3.34 2.86 
L(nH), N=5 4.54 3.41 X 
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X = Too many turns for the given diameter, L(l) 
Plots of these results appear in figure 14. 
Next, a spiral inductor with a 350jum diameter and 
exactly the same specifications as in the last case was 
considered. Since none of the parameters were changed, 
we took the values for Z , V , Z , V , Z , and V as 
the ones calculated earlier for L(l)=300um case shown in 
tables 7 and 8. Knowing all the input parameters and 
using our program, we have summarized the results in 
tables 11 and 12 below: 
Table 11 
S (cm) 
W (cm) 
.001 
.001 
.001 
.0015 
.001 
.002 
L(nH), N=l 1.2 1.072 .984 
L(nH), N=2 3.01-   •■-■■■ ■■ •-. 2.6a 2.36 
L(nH), N=3 5.05 4.32 3.75 
L(nH), N=4 6.05 4.98 4.14 
L(nH), N=5 7.17 5.67 4.57 
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Table 12 
S (an) 
W (cm) 
.0015 
.001 
.0015 
.0015 
.0015 
.002 
L(nH), N=l 1.19 1.07 .976 
L(nH)f K=2 2.88 2.52 2.25 
L(nH)f N=3 4.64 3.96 3.43 
L(nH), W=4 5.41 4.43 3.65 
L(nH), N=5 6.09 4.83 3.83 
The above results are plotted in figure 15. 
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APPENDIX A. Program Plov/charts 
Free Space Model 
Input: 
Z,1(D,1(2), 
w,tfs 
Compute 
l(y)'s & L(y)'s 
Compute 
M+ using Q, dr 
and G4D 
Compute 
M- using Q, d, 
and ©ID 
Compute 
the total 
Inductance 
Print 
the total 
Inductance 
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Input Parameter Calculation 
Input: 
r,H,W,S 
Compute 
Zs, Vs using 
r, W/H 
Compute 
odd mode C's 
for loaded & 
unloaded cases 
Compute 
even mode C's 
for loaded & 
unloaded cases 
Compute 
Z  & V 
Compute 
Z  & V 
Print 
Z r Z  , V , 
V 
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Ground Plane Model 
Input 
Z,V,Z ,V ,Z , 
V ,f,N,L(l),L(2), 
W,S 
Compute 
L(y) 's 
Compute 
lo'Sjle'Sjls's 
for the first 
segment 
Form the sectional 
chain matrices & 
cascade thera 
together to find 
the final chain 
matrix of the 
first segment 
Repeat the last 2 
processes for the 
second, third, and 
fourth segments 
Multiply the final 
segmental chain 
matrices to find 
the total chain 
matrix for the 
Spiral Inductor 
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Ground Plane Model  (cont.) 
£ 
Find the 
corresponding 
Y matrix for the 
Spiral Inductor 
Apply the boundary 
conditions to 
the Y matrix 
Find the 
2-port Y matrix 
representation for 
the Spiral Inductor 
Print the input 
Inductance of the 
Spiral Inductor 
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